
 

Lecture

We will start by proving Lagrange's theorem
Recall

theorem Lagrange'stheorem
let G be a finite group and HE G

Then IHl I l GI
Proof let a H aah aKH denote the distinct

left assets of H in G Then from the Lemma

proved in Lee 9 we know that the set of all
left cosets of H in G partitions G i e

G A H U A zH u n U a H H

Property GI from the henna tells us that all

the cosets are disjoint and Property 6 tells

us that I aint 1HI H ie ie k



So
counting sizes on both sidesof H we get
1Gt la Hl t 19kHI

IH I t 1H
k trines

D K I G I
TH

141 161
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Remarks Let's clearly understand what

Lagrange'stheorem is saying If you have a

group G with IGl n then any subgroup of
G must have order which divides n So

for example if 161 12 then we can say
beforehand that a set H with IHI 8 or

141 10 Cannot be a subgroup as 8412
and 10412 However
the converse of Lagrange's theorem is false



i e there might not be subgroups of G
whose order are divisors of 1Gt e g if 161 12
G might or might not have a subgroup of
order 6 even though 6 I 12 We'll see an

explicit counterexample soon

Let's see various corollaries of Lagrange's
theorem

Corollaryi If G is a finite group and HEG
then the index of Hui G is IGI ii e

IHl
I G HI 161

THI

Proof Recall from previous lecture that IG H1

was defined as the number of distinct left
assets of Hui G from the proofof the
theorem we observe 1G HI k and hence



1G HI IGI
I H l HD

Corollary2e In a finitegroup G ord a 11Gt A

A c G

Proof Recall that fat G La is a subgroup of
Iai Also Ord a Isa I by Lagrange's
theorem ord a 1191

ID

Corollary Groups of prime order are cyclic i e

y lat p for a prime p G is cyclic
Proof Suppose IGI p Let a c G ate Then

Ka 1 1 at either 1ha 1 1 or ka I p
as fo is a prime But Ka IF 1 0 Ka I p
and hence G La and is cyclic



Corollomy4 Let G be a finite group and let
a c G Then a lake

Proof left as an exercise
D

Corollary 5 Fermat's little Theorem

For every integer a and every prime Is
at a mod p Recall modular arithmetic from

MATH 135

Proof If f a a omod p a a mod p
if p Xa 0 a e U p Recall the groupof
units in Xp Since IUCHI p I p from
Lagrange's theorem or Corollary 4 at Imodp

aPE a mod p

Lagrange's Theorem imposes severe restrictions

on the possible order of subgroups The next



theorem also places powerful limits on the

existence of certain subgroups

theorem het G be a group and H and K be

two finite subgroups of G Define the set

HK hk he H ke k Then IHKI HI
I Hnkl

Proof It looks by looking at the set HK that

it should have 1111.114 elements However it

might happen in the group G that h k _hzkz
where h th z and K f Kz so there might
be overcounting We would like to show that

the extent to which this over counting occurs

Let me HAK Then forany h e H and ke k

h k thx n k and fix c HK and a ke HK

every element in HK is represented by



atleast I Hnkl times

If h ki haka se hi hi Kaki c Hnk

hi ha X and Kz seki So every
element in HK is represented exactly by 1Hnk1

products IHKk IH11kt
F
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An enample of using Lagrange's
Theorem and

the theorem above 5 Problem 8 on your

assignment 2
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